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INTRODUCTION TO THERMODYNAMICS

A- Definitions
Chemical potential: "" 

Is a parameter defined for each component "i" in the system, and is useful for predicting the direction of "flow" of that component from one phase to another, and hence the tendency towards reaction among phases.

Example: The chemical potential of Al2SiO5 in the mineral kyanite (Ky) at P = 1 kbar and T = 400°C is greater than that of the same component in andalusite (And). This will therefore drive the Al2SiO5 component from Ky to And until all this component in Ky is used up (i.e. Ky disappears). This is because the direction of "flow" is always from higher to lower values.

For a reaction, r is given by:

r = i (products) - i (reactants)

Therefore, for our example:

r = Al2SiO5 And - Al2SiO5 Ky
and r will be negative. This implies that reactions will always tend towards a lower chemical potential.

Because chemical potential is an expression of the tendency for flow of the component of interest, it must be related to the effective concentration of that component (i.e. its activity) in the phase or system. This relationship is:

i = i° + RT ln ai
where R is the gas constant, i° is the chemical potential of component "i" in the standard state and T is the absolute temperature. Please note that by convention, the activity of all pure phases at any P and T is unity. In the case of gases, fugacity is used instead of activity. Note that whereas activity is a dimensionless parameter, fugacity is expressed in bars (same units used to express partial pressure!)

The Gibbs Free energy "G":

G of a phase is the total amount of energy "locked up" in that phase . It is measured in joules/mole or calories/mole (Cal = 4.1842 J).

G of a phase is equal to the sum of the chemical potentials of each component in that phase when multiplied by the number of moles of each.

G =  ini
where ni is the number of moles of component "i" in the phase of interest.

For the reaction: A + B = C;

Gr = GC - (GA + GB)

if Gr is negative and large, the reaction will take place in the forward direction rather "rapidly". On the other hand, at equilibrium, Gr= 0. This means that for a system to reach equilibrium, it has to minimize its internal energy (Fig. 1).

Enthalpy: "Hf"

Enthalpy of formation of a phase is the amount of heat added or released (usually released) during the formation of that phase from its elements at some given T & P. Because heat is a form of energy, Hf can therefore be thought of as the "heat content" of that phase. Enthalpy could also be measured for a reaction or a system. It is expressed in joules/mole or calories/mole. The enthalpy of a reaction is therefore defined as the heat released or absorbed during, or as a result of, this reaction.

A reaction that absorbs heat has positive "Hr" and is known as an endothermic reaction, whereas a reaction that liberates heat is characterized by negative "Hr" and is known as an exothermic reaction.

Entropy: "S"

Entropy is a measure of the degree of internal disorder of the system (or phase). The greater the degree of disorder, the higher the entropy. Increasing temperature always causes an increase in "S". Entropy is measured in Cal/degree K. mole or J/degree K. mole. All minerals have positive entropies. 

The change in entropy of a system "dS" is given by:

dS = dSexchanged + dSinternal
For a reversible process, dSinternal = 0.

The relationship between entropy of a phase "" and its standard state enthalpy and Gibbs free energy is given by:

G° = H° - TS°

where S° is known as the entropy of formation of phase .

Heat Capacity: "Cp"

Is the amount of heat necessary to raise the temperature of one gram of the phase by one degree Celcius (at a constant P of 1 bar).

Cp = H/T 

Heat capacities can be determined experimentally by calorimetry and are expressed in calories per mole per degrees Kelvin (Cal . mole-1 . K-1) 

Because heat capacities vary with T (Fig. 2), they require many calorimetric measurements which may not always be available. Many attempts have therefore been made to derive equations that allow us to calculate Cp at any T. These equations are simply empirical best fits for avaibale experimental (calorimetric) data (Fig. 2). The most popular one is the Maier & Kelly equation:

Cp = a + bT - cT-2
where a, b & c are constants

Compressibility: ""

Is the volume change with increasing P. It is dimensionless and can be defined by the equation:

 = -1/V(V/P)

The negative sign indicates that V decreases with increasing P for every phase.

Thermal expansion: ""

Is the change in volume with increasing T. It is also a dimensionless parameter defined as:

 = 1/V (V/T).

From the above definitions, it can be seen that the thermodynamic properties of phases are G, H, S, V, Cp,  and . It can also be seen that most of these properties change with changing P and T. Whereas Cp,  and  are determined experimentally for phases, S, H and G are calculated. Rather than measuring absolute values of G, H and S for each phase, it is customary to report values relative to standard state values. The standard state conditions are usually taken as 298 K and 1 bar, but this may vary from one data base to another. 

Knowledge of G, H, S, V, Cp,  and  for all phases (and aqueous species) therefore allows us to determine the P-T location of any reaction that may take place in any system using several thermodynamic relations (see below). Unfortunately, not all of these thermodynamic properties are known for all phases. In fact, for some phases, there are no thermodynamic data!! Databases where one can find the thermodynamic properties of most phases include: Robie and Waldbaum (1968), Helgeson et al. (1978), Berman (1988; 1991), Holland and Powell (1990; 1998), Hummel (2002), and Besman (2009). 

In order to understand how the thermodynamic properties of minerals (G, H, S, .. etc.) can be used to calculate the P-T conditions of a reaction, we must first understand the three laws of thermodynamics, and define chemical affinity. We must also understand the conditions of equilibrium, the concept of the equilibrium constant "K" of a reaction, and establish its relation to G, H, S,... etc. on one hand, and T and P on the other.

B- Equations of State
An equation of state is a thermodynamic equation describing the state of matter under a given set of physical conditions. It therefore provides a mathematical relationship between two or more state functions associated with matter, such as its temperature, pressure, volume, or internal energy. Equations of state are useful in describing the properties of fluids, mixtures of fluids, solids, and even the interior of stars.

The most prominent use of an equation of state is to predict the state of gases and liquids. One of the simplest equations of state for this purpose is the ideal gas law, which is roughly accurate for gases at low pressures and high temperatures. However, this equation becomes increasingly inaccurate at higher pressures and lower temperatures, and fails to predict condensation from a gas to a liquid. Therefore, a number of much more accurate equations of state have been developed for gases and liquids. At present, there is no single equation of state that accurately predicts the properties of all substances under all conditions.

1- Ideal Gas Law

PV = nRT

2- Van der Waal’s equation

The Van der Waals equation of state may be written:


where Vm is molar volume, and a and b are constants that depend on the specific material. “a” is called the attraction parameter and b the repulsion parameter or the effective molecular volume. They can be calculated from the critical properties as:
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3- The virial equation of state
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In this case B is a constant that accounts for interactions between pairs of molecules, C for triplets, and so on. Accuracy can be increased indefinitely by considering higher order terms.
4- The Redlich – Kwong equation of state
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where R = ideal gas constant (8.314472 J/(mol·K). Introduced in 1949 the Redlich-Kwong equation of state was a considerable improvement over other equations of the time. It is still of interest primarily due to its relatively simple form. While superior to the van der Waals equation of state, it performs poorly with respect to the liquid phase and thus cannot be used for accurately calculating vapor-liquid equilibria. However, it can be used in conjunction with separate liquid-phase correlations for this purpose.

C- The three laws of Thermodynamics

First Law:

All systems have an internal energy "E" which can neither be created nor destroyed. The total energy of an isolated system must remain constant, although there may be changes from one form of energy to another.

dE = dQ - dW

where Q is the heat of the system, and W is the work done by the system.

dW = PdV

where P is pressure, dV is the change of volume.

Second Law:

"Heat cannot be extracted from a body and converted entirely into work".
"All systems tend to exhibit a spontaneous change that would result in increased disorder".

The degree of disorder (entropy) of a system is given by:

S  Q/T 

Combined law of thermodynamics:

dE < TdS - PdV

Third Law:

At the absolute zero, the heat capacity of pure crystalline substances is zero. 

Because Cp = T S/T, 

 at the absolute zero, S = 0 for pure fully ordered perfectly crystalline phases.

For all phases, calorimetrically derived Cp values can be used to calculate their entropies using the relationship:

S°298 = 0298 Cp dT/T + Sconf.
where Sconf is the entropy of the phase at 0 K (usually = 0 if the phase is pure and perfectly ordered), and S°298 is known as the third law entropy (Fig. 3). The relationship between S°298 and the entropy of formation "S°" is given by:

S° = S°298 -  S°elements
Chemical Affinity "A":

Is a measure of the tendency of a reaction to take place in a particular system.

A = -TdSint = ni di 

At equilibrium, A = 0!

D- Some important thermodynamic relations
1) dG = (G/T)P,n dT+ (G/P)T,n dP+ (G/n)P,T .dn

2) (G/T)P,n = -S

    (G/P)T,n = V

    (G/n)P,T = 
3) (2G/T2)P = -(S/T)P = -Cp/T

Keep in mind that the first derivative of a function corresponds to the slope of the curve of that function versus the differentiating parameter. The second derivative is useful for understanding the curvature of that function plotted against that same parameter. 

4) dG = - SdT + VdP + i dni
Mathematical manipulation of this relation (integrating over the mass of the system then obtaining the complete differential followed by subtraction from the above equation) would lead to:

0 = SdT -VdP + ni di 

which is known as the Gibbs - Duhem equation. This equation relates P, T and  to S, V, and n, and is therefore essential for the derivation of the phase rule.

5) At equilibrium, the slope of a reaction in P-T space is given by the relation:

dP/dT = Sr/Vr
This is known as the "Clausius - Clapeyron" equation.

6) Gr = G°r + RTln K.

At equilibrium, Gr = 0, and

G°r = -RTln K.

7) G°i,T,P = G°Pr,Tr - S(T-Tr) + TrT C°p . dT - T TrT C°p dlnT + PrP V°. dP

where Pr and Tr are the reference P and T (usually 1 bar and 25°C). This equation is important for calculating G at any T and P, which in turn is important for determining which assemblage is stable at P and T. It can also be used to determine the equilibrium T at a given P (or vice versa) if it is solved for T (or P) at G°i,T,P = 0.

8) Effect of T on K: the Van't Hoff equation:

ln K/T = H°r/RT2  

This is known as the Van't Hoff equation, and is very important in determining the effects of variations in the chemical composition of phases participating in a reaction (resulting in variations in K of this reaction) on the temperature at which this reaction takes place.

9) Pressure effect on equilibrium constant:

lnK/P = - V°r/RT

which quantifies the effects of variations in the chemical composition of phases participating in a reaction on the pressure at which this reaction takes place. 

E- Applications and Examples 

(a) Explain the differences between the melting curves of a dry granite and a wet granite.

(b) In the Upper border group and sandwich horizons of the Skaergaard intrusion, fayalitic olivine coexists with quartz. On the other hand, Forsterite - rich olivine is never in equilibrium with quartz.

(c) Which of the following two reactions will take place at a lower T, knowing that the reaction: Qz + Cor = Sill has a large negative G (i.e. is spontaneous)? 

(i) Musc = K-spar + Cor + H2O

(ii) Musc + Qz = K-spar + Sill + H2O

(Hint: Plot the assemblages on G vs. T diagrams keeping in mind that (G/T) = -S)

Conclusion: The P-T stability field of a pure phase alone is larger than that of assemblages containing this phase.

(d) Which of these two reactions has a steeper slope in P-T space? Which one has more "curvature"?


(i) Ky = Sill


(ii) Musc + Qz = K-spar + Sill + H2O

(Hint: use the relationship: dP/dT = S/V, knowing that the compressibility of H2O >> that of K-spar or Sill.)

(e) Which of these two reactions is more sensitive to errors in equilibrium T? Which one is more sensitive to errors in Peq? 


Jd + Qz = Ab


Musc + Qz = K-spar + Sill + H2O

(Hint: Use the relation: dP/dT = S/V and plot the reactions on a P-T diagram. This should serve as a good introduction to the concepts of geothermometry and geobarometry).

(f) How will the P-T location of the reaction:


Jd + Qz = Ab

be affected by solid solution (or impurities) in (i) Jd, and (ii) Ab.

Conclusion: Solid solution in a phase will expand the stability field of that phase (or of its associated mineral assemblage) in P-T space.

(g) In the binary system: sphene - anorthite, explain why the liquidus curves have these slopes and curvatures. 

(h) The mineral Gibbsite is not stable in the presence of amorphous silica at 25°C and 1 bar (Fig. 4).
