Exam 1 Math 335 Spring 2022 Total Pts:100 2/10/2022

Name: Received:
Show all work for full credit. Write all your solutions on the blank papers.

2x

1. Verify that the function y = xe“” is a solution of the differential equation y” — 4y/ +4y = 0.

(5 Pts)

2. Ity = CleQx + C2$62x is a two-parameter family of solutions of the differential equation
" — 49/ 4 4y = 0, find a solution of the IVP consisting of the differential equation and the
initial conditions y(0) = —1, 3/(0) = 2. (6 Pts)

3. For the autonomous first-order differential equation - d = y — v,
(a) find the critical points and phase portrait,
(b) classify each critical point as asymptotically stable, unstable, or semi-stable,
(c) by hand, sketch typical solution curves in the region in the Z-plane determined
by the graphs of the equilibrium solutions. ( 6 Pts)

4. Classify each of the following differential equations as separable equations, linear equations, exact
equations, homogeneous equations and Bernoulli’s equations, and then solve any Seven of them.
(7 X 9 = 63 Pts)

(i) 3 = y* —y,y(0) = 1
(ii) (22 4+ 2y + y*)dx — 2*dy = 0

(iii) g—y +y*sinz =0

(iv) zgt +y = 2y’
(v) cos xg—i + (sinx)y =1
(vi) (v° — x — y?sinz)dz + (3ay? + 2y cosx)dy = 0

(vii) .CL’ —|—y— e, y(l)=2
(viii) (:z: + y)2dx —|— (2zy + 2> — 1)dy =0
(ix) % = (v +y +2)2

5. (Any Two) Solve the following problems. (2 X 10 = 20 Pts)
(a) The population of bacteria in a culture grows at a rate proportional to the number of bacteria
present at time t. After 3 hours it is observed that 400 bacteria are present. After 10 hours 2000
bacteria are present. What was the initial number of bacteria?
(b) A thermometer is removed from a room where the temperature is 70° F and is taken outside,
where the air temperature is 20° F. After one minute the thermometer reads 50° F. What is the
reading of the thermometer at ¢ = 3 min? How long will it take for the thermometer to reach
25° F?
(c) A large tank is filled to capacity with 400 gallons of pure water. Brine containing 3 pounds
of salt per gallon is pumped into the tank at the rate of 4 gal/min. The well-mixed solution is
pumped out at the same rate. If 100 pounds of salt were dissolved initially in the 400 gallons, find
the number A(%) of pounds of salt in the tank at time .
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Exam 2 MTH 335 Spring 2022 Total Pts:100 3/24/2022

Name: Total Received:
Show all work for full credit.
Scan pdf of your solutions and send me @ karna@marshall.edu

1.

3.

Find the general solution of the given differential equations. (56 Pts)
(a) y" — 3y — 10y =0
(b) y" = 3y" +2y =0, y(0) =2,4'(0) = 1
(c) y(4) + y/// + y// —0

(d) y" +y = 4w sin(32)
(e)y"—4y’+4y:x2—az+1

(f) v + 4y = 2 cos(2z)

(2) 2°y" — 3wy’ — 2y =0

() 2%y + oy’ = a?, y(1) =1, y'(1) = 0

8 Pts) Determine a suitable form of for " — 44/ +4 I — Sr — 6+ 451:62‘” — 2651.
Yp Yy Yy Yy
(Do not solve.)

(12 Pts) Use the method of variation of parameter to find the general solution of the differential
equation y’ s Y = secx.

(12 Pts) Solve the given system of differential equation by systematic elimination.

(D—=2)x+y=0
—x+ Dy =20

(12 Pts) The number N (%) of supermarkets throughout the country that are using computerized
check out system is described by the initial-value problem

AN
— = 0.0005(2000 — N), N(0) = 1.

How many companies are expected to adopt new technology when t = 107



Clodre full
alquzz‘
\{(0\’—2 N | (0\:
Z"Cz :—Q\ ,___*_;_ I -
f ///// ;‘S (\-\\ N \{583 ¥ \“33 = O
A e’ v’ =0
Wm0 o
m=0 m=0 _ ~\* \1‘*“\(\\(\\ - _____i—-—‘
" T -z} 8
Qen. Soin

0% . "'f" ¢, coS
N C\QM Ve S (5

)

%
% N> S\W\" 7
= Cyx Gk I (NS AR
=W




& W oa = HXsin(3x)
AE: m?x\ =0
m= T
\e = e (e cosx CSinX)
e = C,e0sX ¥ C,SINX

Np = (Ax+ B)eosdx + (Cx-tE\S'\nzn(
G (A D asian) + (Deoste )+ ((eer®)(Baspa) * (sindx |

4O {(Aw«%\(—‘\ 08 DR) * U&’;s'\n’m\ - ?)As'\n’J;] x {(cxﬂi_}(— Asindw) + (S)Bcossx)

+2Ccos '6;J
|
K("’\Ax _aR)coshx + (-2R)sindx + (—-a/%smszx {(-qu —a8)sinax + (6C)cos3x |

(-aR)xces?x + (a8 r 6O)osBx + (-6A —AB)SINGX + (-aC) xsB%

i\

—
P

Carywcostn + (<aB+ 6w + (~Gh —aE) s + (-AO)xsinx + (Ax +8\cosdx
(" yE)sIndx = Uy S'\T\%A

G—"\C*—Q\ = Y
_ge =4 — C=7p
_9A =0 — k=0 &an . Soln .
(%-—O\B k(:Q,\: Q v = 0,05 X + C,8INX "%‘QOS'I))( -—-ﬁ,—;xs@
g%+ L(7) =0
~8% =% .
o b= :—g_
(-¢K-9E +E)= O
-3 =0

E =0



e » 3

) — Uy My = X%

AE'. ml,\_‘m -‘.\_\ - 0 UOJ(QFIL\
(m-ﬂ(m'ﬂ =0

e = A

1A - L\(zAHB}» A(}\x%%m@ - xboxx )
1A -3Ax ~up + UYAx® + UBx + 1L = xt-x |
MA)x® + (-BA+HBY% + (zA-ue +L\C\ = xt-x+)
UA=\ = A==
A xup = -\

\

-3+ 4o = )
ug =\ — v

7A-4ye +4C = |
2()-u(Eruc =
_ yuyc =1
3
T uc=% CEE

Gen. Soln - B
W“ el x 0 e X g !

‘ﬁ) N Uy = 'Lcos(’l.h

Ne = C,0087x ¥ ¢, smnlx
Me = (Aoos’Lx ¥ Y;sm’b(\x
N = (Acoslxx Beinlx) + (,
N 3
Vo = (—’LAsm‘Lx x 'L%QOS'LX\ *[(—’LAs\n’Lx x 'I,Y;cgs‘bh x ('L\Aco‘;?_x B '—lBsh\Zx\(x\]

- _UAsindx + Weooslx ¢ (uAcoslx- Hesin (%)

—

1Asinlx + 19 cos’bb (%\



~UAsinlx + HBeesl
X ¥ (—Likcoslx—‘-\\%sian 7
_ ‘ X
(“UA)sinlx + (4)asix = Zeos(zd X + L\[(Acos’l_x x Bsin?.x\xl = 2cos (2R

Uup=72 — ®=-5
_L\A:O — A=0

Gen. Soln I

i\‘ - ¢ Coslx ¥ C, oMIx + (-‘zsm?.%x

53 xl\{ﬂ-—“)x\{"z\g=0

AE : m(m-1) ~2m-1=0
mt—m - -1 =0

mt-Um-2=0
_ “t'S\u-L\(\\(—ﬁ ue AM s 2 A
m = -
20 = —7 L?%'ﬁ = 1N

Gon. Soln.¢
_ (2« WX =
T

W) iy XN =xt yH=l J(D=0

AE: mm-D) + = O
oo+ T ‘E ¢, ¥ CnX £ X
m=0 m=0
| o . \|(|\=l <+ Qp”C»L\n((\* u(DL
C - C"X X C"L& \'\X
= G
\ Loy

\{(« = Q\ ¥ Qu)_\nx b)
\‘ - 02'7 + 1
ZA0)




7. Pk »
N7 UG Uy = 5x - ¥ Mxe 107

N -
~ —~—

AE. w>-Um?+Um = 0

M(ml"—\m v L‘B = 0
m=0 (m-D(m-2) =0
m=1 m=17

[A
Ye= ¢+ CRTHEXE 2

\—\"P = (AX-VE)?H(%(ﬂ E%%zx — Fe (X

2. ” - sSeX
\‘-\’\\ C \

AE: wmbtx\ =0 £
m= i
Yo = ¢,008% + G SinX
S~~~ N
\'\ \f’L

cosx  sinX s _
W = - costx 4 sintx = |

-sinx  CosX
0 SinX
W, = \ \ - - seexsinX = Aan (>0
secX  sxX
COS%K . _
W, = ° 0 CoSXSELX = COSX " Gosx
=BWKs SeCX
W ~ton(x B
W, = T:f = \(\ - —ton(BGO = W7 \Y\\
’ .\Ld_?l- = _,\.—— = \ — \)"‘L =

<
[
\\

W v T
N = (\'\\wsu\\- cosﬂ + (»( ) g;mb

e * Q,oswt\“\cosx\ ¥ ASIVX

Son - Son. S

\\: ¢, cosx * cts’\mc * cosx\n\cosvc\ x XSINX

Claire Tulks



5.

[(v-2)% +y =0 ]
—x ¥y =07

v-DL

Oy

-
-

X

('D'L\'X. + y = [)
o (D% + (>-DDy =0
(b-2)by +y = O
vl\‘ - bef 4—\{ = {)
At : mt —7m +1 =0
(m*h(m—\\ =0

wm=\ wmn=|
() = e« c t et
< = Y = c,e%r e (4t et]

X(‘k\ = C'\e;t ¥ c»l_(:t‘l:t x .Qt‘x
\\(‘k\ = Q,‘Q,'b x Q,:teft

N
= 0.0009 N(moo—& \\\(&z\

®
0.0005 N\ = O 2000- N = O
N=0 W =2000

S_,.‘_e//—g‘mﬂd*

0.0005 N (2000 - N

; A B

7000- N

il
0.0005\ (2000 — X 0.0009 N
| = A(moo—m ad %(°'°°°5®

\ = A(2000

0.0005 = A
N=1000% | = %(o.ooos-wOQ
V=D

\=©

N=0"°

ey . —L—— N = ) o¥

0_95/65 N 2000-™N

\n\h\\ - \x\\\A- 7_000\ = ¢ +~C

N ) L
Q\“ N-—'LOOO\ - th



N %

_ :Qe

N- 1000
N = cet (N-2000)
N = Nee® - 2000ce®
W - Neeb = —7000¢e®
Nee¥ - N = 7000 ce®
N(cet -1) = 2000ce”

£ NG = 2000w
@ -\

7000 ce("\

N(O\:\: ""'_(;T_’_'
e -\

\ - 2000c
c -\

¢-\ = 2000c

¢ — 2000c =\

¢ (1 - 2000) =\

¢(-1aaa) =\
c = —0.0005

whaen ¥ =10:

2000 (—0.00063%‘04

N(\O\ =

(~0.0005)'° = |

W) = 1§32.50 ~ \334 c@

s

Cloire fulks



x2
Ld 2 bt c""(*'m(f‘w‘

2 \nx __)AH:%.A”‘
M= xdrAV= %—
y =



\) \f—xxf—\{ =0

"\

Final Exam Part I (A) Math 335 Spring 2022
Name;_aive kS Received:

Answer all questions. Show all work for full credit. Bring your solutions tomorrow.

1. Find two power series solutions of the differential equation y” — :I:y’ — 1y = 0 about the ordinary
point = (. Form the general solution on (OO, OO) (12 Pts)

2. Use the method of Frobenius to obtain two linearly inde })endent series solutions about the regular
singular point £ = 0 for the differential equation 3zy” + (2 — z)y —y=0. (13 Pts)
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Final Exam Part II Math 335 Spring 2022 Total Pts:100

Name: Received:
Answer all questions. Show all work for full credit.

1. A 16-1b weight stretches a spring 3.2 ft. Assume the damping force on the system is equal to the
instantaneous velocity of the mass. Find the equation of motion if the mass is released from rest
at a point 9 in. below equilibrium. (8 pt)

2. A mass of 1 slug, when attached to a spring, stretches it 2 feet and then comes to rest in the

equilibrium position. Starting at ¢ = 0, an external force equal to f(t) = e~ lsin 4t is applied
to the system. Find the equation of motion if the surrounding medium offers a damping force
numerically equal to 8 times the instantaneous velocity. (10 Pts)

3. Rewrite the given expression using a single power series with general term involving x'. (6 Pts)

0 (0.8}
Z n(n — 1),z 2 + Z cpa T2
n=2 n=0

4. Use the formula of Laplace transform to find L{ f(¢)}. (10 Pts)
(a) f(t) =3t2+5t —6 (b) f(t) =3cos3t —3sin2t (c) f(t) = de 3t + 2%

5. Use appropriate algebra and the formula of inverse Laplace transform to find the following. (10)
-1)4 12 1 —1 ) —s+12 -1 13s—19
we g+ E-sht 0 {FR o oS

6. Use the Laplace transform to solve the initial-value problem:
(Note: Using other method will not give you any point.) (8 Pts)

y' =5y +4y =0, y(0) =1, ¥'(0) =0

7. Evaluate the following. (15 Pts)

@) £ {e % cosst} () £ {<_—62)4} © L7 i)

—S

() £ {sin2t Ut — )} () L {sé_n}

8. Use the Laplace transform to solve the initial-value problem 3’ + y = f(t), y(0) =0, (8 Pts)
where
0, 0<t<1
f(t):{5, t>1.

Useful Results:

) L{ef(t)} = LLFD} |sss—ar LTH{F(s—a)} = e L7H{F(s)}
2) L{fO) Ut —a)} = e L{f(t+a)},

L7 ¥F(s)} = L7HF(s)} [tst—a Ut — a)

(3) L{y'} = sY(s) —y(0), L{y"} =52V (s) — sy(0) —¢/(0)
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